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Fuzzy Finite Element Method for Frequency Response
Function Analysis of Uncertain Structures

David Moens* and Dirk Vandepitte'
Katholieke Universiteit Leuven, 3001 Heverlee, Belgium

A concept is presented for incorporating fuzzy uncertainties in dynamic finite element analyses of uncertain
structures. The objective is twofold. The first goal is to clarify and extend the classical fuzzy finite element (FFE)
method as it was introduced for static analyses. The shortcomings of the classical approach are described, and
an extension to a generalized approach is proposed. This generalized approach is proven to be a more realistic
and therefore more reliable concept for taking uncertainty into account. The second goal is to illustrate the
applicability of the method for dynamic analyses. The classical and the generalized approach are compared using
an eigenvalue analysis of a simple numerical example. The FFE method is also applied to the calculation of the
total envelope frequency response function (FRF) using the modal superposition principle. This method requires
safe approximations of the individual mode envelope frequency response functions. For this purpose a number
of safe approximate optimization strategies are introduced. The numerical example shows that useful results are
obtained using this FFE approach for FRF calculations.

Nomenclature
A = vector or matrix
A = interval vector or matrix
a = scalar
a = interval scalar
aa = upper and lower bounds on a, respectively
a,a = conservative (high and low) approximation
- of a and g, respectively
a__ = fuzzy variable
f(w) = envelopeof function f in w domain considering
;ﬁ the uncertain parameters 8~
f(w) = conservativeapproximationof Mﬁ
na(x) = membership function of the fuzzy

variable defined in x

I. Introduction

HE finite element (FE) method is a very popular tool for both
static and dynamic structural analysis. The ability to predict
the behavior of a structure under static or dynamic loads is not only
of great scientific value, it is also very useful from an economical
point of view. A reliable FE analysis could make prototype pro-
duction and testing obsolete and therefore significantly reduce the
associated design validation cost. Unfortunately, it sometimes is
very difficult to ensure the reliability of the result of an FE analysis
for realistic mechanical structures that are not precisely defined. A
number of errors incorporated in the analysis could cause the result
to be erroneous and therefore unreliable. These errors are classified
here in two classes: the theoretical error and the practical error.
There are two kinds of theoretical errors. The first is the dis-
cretization error, which is caused by the finite representation of
reality. This error will always be present to some extent in the re-
sult of an FE analysis. It can be reduced by increasing the model
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size. For realistic models, this significantly increases the compu-
tational cost of the analysis. The second kind of theoretical error
is caused by the underlying mathematical descriptions of the ana-
lyzed physical phenomena. The partial differential equations that
describe the structural behavior are based on assumptions of which
the validity is not always ensured. A more important error is intro-
duced throughthe FE shape functions, which are simple polynomial
functionsand often do not obey the governingdifferentialequations.
No precautionscan be taken to reduce the error resulting from either
the differential equations nor the shape functions because both are
inherent to the FE methodology.

The practical error is caused by the inaccuracy of the FE model
parameters. Unlike the former theoretical ones, the practical error
in an FE model vanishes completely if perfect values of all phys-
ical properties (material properties, connections, geometry. . .) are
available. Because this is never the case, one should always be aware
of the error introduced by this incomplete knowledge. This paper
focuses only on the effect of the practical error.

Despite the uncertaintiesjust mentioned, FE analysesare in many
cases useful to gain knowledge of the dynamic behavior of a struc-
ture while it is still in the design phase. However, it is not safe
to base design validation on these deterministic analyses. Even if
the design is completely defined, production inaccuracy and design
tolerances introduce variability, resulting in a scatter of possible re-
sults for the analysis. Reliable validation can only be based on an
analysis, which takes into account the uncertainties that are causing
this variability. A number of stochastic methods have been intro-
duced to address this problem. These methods are able to calculate
the exact stochastic description of the uncertainty on the result of
dynamical analyses if the stochastic description of the uncertain-
ties on the model are known. A number of FE techniques were
developed'? for this purpose. The most straightforward and most
popular tool is the Monte Carlo simulation technique. Because this
technique necessitates a large number of samples, it is often com-
putationally very expensive for realistic models. Special techniques
have to be developed to reduce the amount of computational effort
for each sample.> The most restricting assumption of the stochastic
methods however is the exact knowledge of the stochastic proper-
ties of each uncertainty in the model. Especially in an early design
stage, not every uncertainty can be formulated in a stochastic man-
ner. Elishakoff* showed that using estimations for statistical data
is unsafe for design validation purposes. The stochastic result for
those cases is unreliable and might lead to false conclusions. How-
ever, it is common practice to use a stochastic approach for relia-
bility considerations. As such, sufficiently large safety factors are
mandatory.
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The fuzzy finiteelement (FFE) method® addressesthe problemsof
the Monte Carlo simulation and other stochastic techniques already
mentioned.Itis capableof handlinglinguisticand thereforemore re-
alistic design uncertainty descriptions. Absence of knowledge does
not require a stochastic probability estimation. Furthermore, its un-
derlying mathematical procedures are based on worst-case scenar-
ios, which enablesa simplified nonstochasticapproachforreliability
considerations. Using the worst case result of an FFE analysis for
design validationin principlerequires no safety factor. Therefore, if
an FFE approach would be efficiently applicable on dynamic anal-
ysis used for design validation it would be a valuable alternative for
the existing stochastic techniques.

It is the aim of this paper to illustrate the applicability of the FFE
method for dynamic design validation. A method for the calculation
of fuzzy frequencyresponse functions (FRF) of uncertain structures
is presented. The procedure calculates a fuzzy description of the
envelopeon the response function starting from fuzzy uncertainties
on the input model, using the FFE methodology.

II. FFE Method

This section first presents a short overview of the basic concepts
of the theory of fuzzy logic introduced by Zadeh.® Further, it de-
scribes the classical FFE analysis as described by Rao and Sawyer.’
This section shows that the result of the classical FFE approach is
not a realistic description of the uncertainty on the analyzed phe-
nomenon. Therefore, the classical approach is extended to a more
realistic generalized FFE approach. Both approaches are compared
for an eigenvalue analysis of a simple numerical example. Finally,
computational aspects of the classical and generalized approach are
discussed.

A. Fuzzy Logic
1. Membership Function

A fuzzy variable is defined as a member of a fuzzy subset of a
domain. The membership function describes the grade of member-
ship to this fuzzy subset of each element in the domain. For a fuzzy
variable X the membership functionis defined as u; (x) for all x that
belong to the domain X. If u;(x) =1, x is definitely a member of
the subset x. If u; (x) =0, x is definitely not a member of the subset
X. For every x with 0 < u;(x) < 1, the membership is not certain.
Figure 1 shows typical triangular membership functions.

Zadeh introducedthe theory of fuzzy sets as a basis forreasoning
with possibility. From this point of view, the membership function
is considered as a possibility distribution function, providing infor-
mation on the values that the described quantity can adopt. More
generally, the possibility is defined as a subjective measure that ex-
presses the degree to which a person considers that an event can
occur. As such, it provides a system of defining intermediate possi-
bilities between strictly impossible and strictly possible events. The
choice of the possibility distributionof a quantity of which no statis-
tical data are availableis subjectiveand can only be based on expert
opinion. On the other hand, a number of methods exist to derive a
possibility distribution corresponding to a known probability den-
sity function3° However, apart from the probability distribution,
these conversiontechniques always rely on some sort of subjective
judgement. This is why a possibilistic analysis can only be inter-
preted in reference to the input possibilities. This will be further
clarified in the next section.
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Fig. 1 Calculation of the result of the function F (x1,x2) =x;1 +x, by
subdivision of the range of the membership function.

2. Fuzzy Arithmetic

Different procedures exist for the calculation of results of func-
tions of fuzzy variables. The most widely known and applied concept
is fuzzy arithmetic. This concept consists of a sequence of max-min
operations on a numeric representation of the membership func-
tions of the input variables. Because the size of the representation
of the fuzzy result grows with every operation, this conceptis rarely
applied in numerical computations. A different technique using o
sublevelshas been introduced. In this techniquethe fuzzy solutionis
convertedinto a set of interval solutions. This is done by subdividing
the range of the membership function into a number of « sublevels.
At each sublevel an interval analysis is performed using the bounds
of all fuzzy input parameters at the particular level. Combining all
results of the interval analyses for all of the « sublevels results in
the membership function for the result of the operation.

The core problem in the calculation of the result of a function of
fuzzy variablesis the calculationof the resultof that functionin inter-
val arithmetic.For a functionof n fuzzy variables 7 (X, X,, ..., X,),
the resultis calculated at each o sublevel from the solution set y,,
defined as

Yo =1@x ex,,,i=12,...n)(Q =F&x, X, ...,x,))} (1)

with x;, describing the interval of the variable x; at level «. Finally,
the fuzzy solution is assembled from the resulting intervals at each
sublevel, repeating this procedure for a number of « sublevels.
Figure 1 clarifies this procedure for a function F representing an
addition of two triangular fuzzy variables. This technique guaran-
tees a constant size of the representation of the fuzzy result of each
intermediate step during computation. Another advantageis that the
calculation of a fuzzy function can be optimized to a tradeoff be-
tween computational effort and accuracy by selecting the number
of o sublevels.

Itis now clear that the fuzzy analysisin this case is a sort of large-
scale sensitivity analysis of the combined effect of design variables
and uncertainties on design requirements. It enables the analyst to
calculate the « level and corresponding design variable ranges for
which the design meets the requirements with a certain degree of
possibility. This means that the interpretation of the result of the
analysis is only meaningful by referring to the considered input
possibility distributions. A different possibility distribution for the
design variables will yield a different possibility distribution of the
analysis result and consequently also different allowable ranges for
the design variables. The design based on this analysis however is
equally safe. As such, the possibility distribution for a designer is
merely a useful tool to control the allowable range for the uncer-
tainties than an absolute quality measure.

B. Classical FFE Method

This part discusses the classical FFE method as introduced by
Rao and Sawyer in Ref. 5. The classical FFE method is based on a
deterministic FE analysis. It consists of three major parts: the fuzzy
model definition, the assembly of the fuzzy system matrices, and
the calculation of the results of the analysis.

1. Fuzzy Model Definition

The definition of a FE model consists of the definition and dis-
cretization of the geometry, definition of the material properties,
definition of the constraints and loads, and the specification of
the result request. Depending on the kind of the intended analy-
sis, some additional inputs are required. Some of the inputs are
always present in an uncertain nature. The uncertainty on the ge-
ometry, material properties, and constraints either results from de-
sign uncertaintiesor is caused by manufacturing variability. Uncer-
tainty on the applied loads might result from imprecise reference
loading conditions. All of these uncertainties should be described
by membership functions. If a stochastic description of an uncer-
tain value is available, an equivalent membership function is intro-
duced for this value. Crisp membership functions describe certain
values.
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2. Assembly of the Fuzzy System Matrices

The classical FFE method starts from the fuzzy model definition
for the assembly of the system matrices that are necessary for the
FE analysis. The dynamic system matrices are assembled from the
element stiffness, mass and damping matrices K¢, M¢, and C¢ using

K:UK” )

M:UM” 3)

C:UC” )

with | representing the assembly over all of the elements of the
FE model. The element matrices are calculated using

K”:/ B'™DBdV (5)

ve

M”:/ NTpN av (6)
ve

C”:/ NTuN av (7)
ve

with B=0N, 0 a linear operator, N the element shape functions,
D the material stiffness matrix, V¢ the volume of an element, p the
material mass density, and p the material damping factor. The cal-
culation of an element stiffness, mass, or damping matrix consists
of an integrationover the volume of the element. This volume could
be uncertainas aresultof geometricaluncertaintiesin the input. The
function to be integrated consists of factors based on the element
shape functions and on mechanical properties. These mechanical
properties could also be uncertain. Because all of the uncertainties
are represented as fuzzy numbers, the calculation of these matri-
ces is done using the concept of the o sublevels. Both the element
volume and the mechanical properties are defined as interval inputs
at each « sublevel. First, Eqs. (5-7) are substituted in Egs. (2-4),
respectively. Using the definition of the solution set as in Eq. (1),
the interval system matrices K, , M,,, and C,, for this level yield

K, = {K |38 e ﬁa)(l( = U/ B'D(B)B d\/)} (8)
€(B)
M, = {M|(3,3 c ﬁa)(M = U/ NTp(ﬂ)NdV>} ©)
Vep)
C, = {c | (3B € gm(c = U/ NM(,S)NdV)} (10)
€(B)

with B the vector [f, ..., B,] containing m uncertain parameters
of the input model. For a given « sublevel each uncertainty B; is
bounded to its interval 3, , and 3, =[8,_,..., 8,1

3. Calculation of the Analysis Results

The analysisis performed by transformingthe classical determin-
istic solution steps to the domain of interval arithmetic. For every
o sublevel the solution set described in formula (1) is calculated,
with F describing the solution procedure for the specific analysis.
In literature'” this is referred to as the unified solution set, defined
as

yrme, ={y @K €K )AM eM,)3C e C)(y=F(K, M, C))}
an

In the calculation of the classical solution set as in Eq. (11), the
selection of a deterministic matrix A inside an interval matrix A
is done by selecting all elements a;; of the deterministic matrix
such that a;; €a;;. All elements are selected independently from
one another. Therefore, the solution set (11) considers the uncer-
tainty on each element of the system matrices independently. This
does not agree with reality because the elements of these matrices
are calculated from common physical properties. Model properties
like Young’s modulus or material density are uncertain, but they

are constant for the entire model. They cause element dependen-
cies inside a system matrix. Geometrical model properties cause
element relationships between the different system matrices. As a
result, this solution set overestimates the realistic uncertainty on the
result.

C. Generalized FFE Method

The generalized approach addresses the overestimation inherent
to the classical approach as explained in Sec. II.B.3. This means
that an exact calculation of the generalized solution set should yield
the exact realistic interval on the result of the analysis. For this
approach the model definition is entirely equivalent to the classical
approachas discussedinSec. I1.B.1. The analysishoweveris directly
performed on the related system matrices. This paper introduces the
generalized unified solution set defined as

Y. = 13EBeBH=FKPB),MPB),CHY}  (12)

This approach combines the assembly of the system matrices and
the calculation of the results in one solution set. As such, it incorpo-
rates the dependency of the system matrices on the uncertain input
parameters directly into the analysis. The uncertainties in the sys-
tem matrices are correlated through the uncertain input parameters.
Therefore it describes the exact realistic range of the uncertainty on
the analysis result.

D. Illustration of the Classical and Generalized Approach

This section illustrates both the classical and generalized ap-
proaches for the eigenvalue range calculation of an undamped
structure.

1. Classical and Generalized Eigenvalue Problem
For the classical approach the eigenvalue solution set at an «
sublevel equals

Akm, = {A 13K € K,))(AM e M,)(Kp =aM¢p)}  (13)

with A the analyzedeigenvalueand ¢ = [¢y, . . ., ¢, ] thecorrespond-

ing eigenvector. A number of analytical procedures exist for the

calculation of the exact bounds on this classical solution set.!! =14
For the generalized approach the solution set equals

As, = A1 3B € B)K (B =AM (B)$)} (14)

The bounds on Ag, can only be derived through optimization using

Ap, = max (L) (15)
B € Bu

Ag, = min (i) (16)
B € Bu

The optimizationis easy if analytical expressionsfor the eigenvalue
sensitivities to the input parameters are available. If not, more ad-
vanced optimization strategies should be applied.

2. Numerical Example

The numerical example consists of a system of four masses con-
nected with four springs, as shown in Fig. 2. All values for the
stiffnesses and masses are uncertainand mutually uncorrelated. The
membership functions for the uncertainties are triangular. Table 1
defines the membership functions by specifying the top of the trian-
gular function (o = 1) and the interval at the bottom (« =0). Units
are in the meter/kilogram/second (MKS) convention.

The results of both the classical and the generalized FFEM for
the sublevel at « =0 are summarized in Table 2. The second col-
umn in this table refers to the eigenfrequency of the deterministic

Fig. 2 Model for numerical
analysis.




MOENS AND VANDEPITTE 129

Table 1 Fuzzy properties of the
numerical example

Uncertain Value at Interval at
parameter a=1 a=0

k1, N/'m 1025 [1000, 1050]
ko, N/m 1575 [1550, 1600]
k3, N/m 3025 [3000, 3050]
kq, N/m 2325 [2300, 2350]
my, kg 5.5 [4,7]
my, kg 13 [11,15]
m3, kg 9.5 [8, 11]
my, kg 17 [15,19]

Table2 Results of the classical and the generalized approach
for the eigenfrequencies of the numerical example at =0

Reference Classical Generalized
Eigenfrequency model FFEM FFEM

0.576 [0.392,0.752] [0.534,0.628]
2.114 [1.932,2.343] [1.952,2.317]
3.629 [3.234,4.194] [3.237,4.192]
4.549 [4.196,5.021] [4.196,5.021]

eSOV S

model at @ = 1. The classical solution sets result from application
of Chen’s method.!! The generalized solution sets are the result of
an optimization procedure.

The results for the first eigenfrequency indicate that the exact
uncertainty interval given by the generalized solution set is much
narrower than the classical solutionset. This means that thereis asig-
nificantoverestimationof the uncertainty on the first eigenfrequency
when using the classical approach. However, the computation of the
classical solution is much faster since the bounds on the classical
solution set (13) can be expressed analytically. This clearly illus-
trates that choosing between the classical and generalized approach
involves a tradeoff between the size of the overestimation on the
uncertainty and the computational effort. For the fourth frequency
there is no difference between the classical and generalizedsolution
set. This is because the stiffness and mass matrix selected indepen-
dently by the classical method are the result of the combination of
input uncertainties, which optimizes the eigenvalue. These matrices
are by definition also the result of the generalized approach.

E. Computational Aspects of the Classical
and Generalized FFE Approach
1. Computing the Exact Classical and Generalized Solution Set

The computation strategy for the exact classical solutionset (11)
depends on the considered type of analysis represented by
F(K, M, C). For simple procedures like the eigenvalue problem,
analytical procedures are available to calculate the exact bounds on
the classical solution set. For more complex types of analyses, the
exact bounds on the classical solution set cannot be expressed an-
alytically. For these cases the only possibility to obtain the exact
bounds is through a constrained optimization strategy. The opti-
mization is performed using the elements of the system matrices as
inputvariablesand the analysisfunction 7 (K, M, C) asa goal func-
tion. Because the result is intended for design validation, the global
minimum and maximum are required in order to include the worst-
case scenario. For complex analyses this may be a cumbersometask
because all matrix elements should be treated as independent input
variables for the optimization.

So far, no analytical procedure exists to compute the exact gen-
eralized solution set (12) for any kind of analysis. The bounds of
the set can only be computed through a constrained optimization
problem on F (). The global optimization is only possible if the
sensitivity of the analysis result to the input uncertainties can be
expressed analytically. This is only true for simple analyses like the
eigenvalue problem. For more complex analyses the occurrence of
local optima complicates the exact solution of the optimization.

2. Approximating the Classical and Generalized Solution Set
If there is no analytical expression for the bounds on the classical
or generalized solution set and the optimization strategy fails, the

exact solution set can be approximated. Two approximate methods
are applicable for both the classical and the generalized approach.
The first method consists of translatingall steps of a deterministic
solution procedure of the considered analysis to interval arithmetic.
This means that every operation of the deterministic solution proce-
dureisreplacedby its correspondingoperationin interval arithmetic.
The solution procedure can be any algorithm that performs the de-
terministic analysis. Each step during the algorithm is performed
as an isolated interval operation. A small example illustrates this
principle. Suppose the analysis consists of a simple division:

Fla)=(a+1)/a 17)
Consider the classical solution set
Yo ={yl(aell,2)(y = (a + 1)/a)} (18)

Suppose that the solution strategy consists of two steps: the compu-
tation of the interval in the numerator and denominator in the first
step and the division of both intervals in the second step. Apply-
ing this strategy results in the division of [2, 3] by [1, 2], which
yields [1, 3]. However, after simplification of F(a) to 1+ 1/a the
exact range of this solution set is [2,2]. This indicates that this
strategy overestimates the uncertainty on the analysis result. This
phenomenon occurs when the same input uncertainties are present
in multiple steps of the solution procedure. It is clear that the size
of the overestimation depends on the choice of the deterministic
solution procedure. However, because this approximation always
overestimates the solution set it is safe for design validation. If this
solution strategy is applied to the generalized solution set and the
first step of the proposed solution strategy is the calculation of the
system matrices, the resulting approximationis identical to the clas-
sical solution set.

A second method for this approximationis the vertex method.!’
The results for all possible combinations of boundary values on the
input uncertainties are computed. The bounds on the exact general-
ized solution set are approximated taking the upper and lower limits
of all of these results. A small example illustrates that this method
does not ensure an inclusion of the exact solution set. Consider the
solution set

Yo ={y1(@e0,2)(y = (a— 1%} (19

The vertex solutions resulting from substituting 0 and 2 in the func-
tion are both 1. However, the exact range of the solutionset s [0, 1].
Therefore, this method is not safe for design validation because the
analyzed input boundary combinations do not necessarily include
the global extremities of the goal function.

ITII. Application of the FFE Method
for FRF Calculations

The remainder of this paper now considers the FRF calculation
of an uncertain FE model. It describes a method for the calculation
of a safe approximationof the generalized solution set, which is not
based on the calculation of the system matrices but on the modal su-
perpositionprinciple. It overestimatesthe exact generalizedsolution
set and is therefore safe for design validation.

A. Problem Definition

The calculation of the interval solution set for the analysis of
uncertain vibrations was first analyzed by Elishakoff and Duan.'6
The interval solution of the basic FRF equation is the core of the
FFEM for FRF calculations. This equation is based on the dynamic
equilibrium

KX+CX+MX=F (20)

with K, C, and M, respectively the stiffness, damping, and mass
matrices; X the displacement vector; and F the nodal forces vector.
This work focuses on the FRF of undamped structures. The FRF is
calculated using the matrix equation

(K —o*M)X =F 21
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The FRF between node j and node k of an FE model is obtained
taking the jth component of X satisfying Eq. (21) with

0

— kth row (22)
0

In the context of the classical FFEM, Eq. (21) is solved for each o

sublevel using interval matrices for the stiffness and mass matrix.
The classical solution set for the FRF between node j and k equals

FRF (@)

={X())| 3K €K,)(AM € M,)(K — &’ M)X = F)} (23)

The calculationof the classicalsolutionset (23) is equivalentto solv-
ing a system of linear interval equations. Recent research indicates
that this is NP hard. This means that no efficient algorithm exists
to calculate the exact bounds on this solution set within reasonable
time. Analytical procedures are developed to constructapproximate
solution sets for this problem,'®!”~1? but none of these have proved
to be efficient on large models. Therefore, the current work intro-
duces a procedure for the calculation of a safe approximation of the
generalized unified solution set

FREi(@) = XN 13EBEBIKB) —*M(P)X = F))
(24)

The exact solution of Eq. (24) is commonly referred to as the enve-
lope FREF.

B. Solution Strategy

This section indicates how the solution set (24) can be rewrit-
ten and safely approximated using the modal superposition princi-
ple. The modal superposition principle states that considering all n
modes of a model, the FRF between node j and k equals

X;(w)
FRF; =1 25
k(@) @) (25)
- i i
B ppm— 2
im1 ¢/ Koy — ¢ M,
with ¢, =[¢;,,..., ¢;, 17 the ith eigenvector satisfying K¢; =
AiM¢;. Simplification of Eq. (26) yields
- 1

i=1

with lAci and m; the normalized modal parameters

T .

k= ¢I_K¢’ (28)
¢i/¢ik

. ¢! Mo,

m; = —— (29)
&i; i,

Further,amode i for which the normalized modal parameters lAci and
m; are both positive is referred to as a positive mode. A mode for
which the normalized modal parameters k; and 7; are both negative
is referred to as a negative mode.

Using the modal superposition principle and the preceding defi-
nitions, the exact generalized solution set (24) equals

— n 1

x @3B € BIK (B = )»M(ﬂ)tb)} (30

with ¢ =[¢y, ..., ¢,] and L =diag(};). The normalized modal pa-
rameters depend on the uncertain parameters through the model
propertiesincorporatedin K and M and their correspondingeigen-
vectors as expressed in Egs. (28) and (29).

The following set theoretic theorem is applied:

Theorem 1. With the preceding notations, given f; and f, are
arbitrary functions of the parameters §;, each of which is bounded
to its interval 3,, it can be shown that

{(itB) + L2(B) | (3B € B}
S{ABIEB P {f2(8) 3B € B} 3D

with @ for general sets x and y defined as
x®y={x+yl@Fxecx)@ycy) (32)

Proof: The summation on the right-hand side of Eq. (31) con-
siders the parameters for both functions independently, whereas the
left-hand set results from considering equal values for the parame-
ters in both functions. Therefore, the left-hand set is a subset of the
right-hand set. O

Applying Theorem 1 on Eq. (30) yields

- U 1
FRF; C D ———————
@), < @ {ki(ﬂ) — i (B) ’

x 3B € BIK (B = )»M(ﬂ)tb)} (33)

The inequality in Eq. (33) indicates that the summation of the enve-
lope FRF of each individual mode results in a safe approximation
of the exact total envelope FRF:

FRF (@), < P rrRE @), (34)

i=1

It is obvious that if safe approximations of each single mode enve-
lope FRF expressed as

FRij (CL)),

Bu

are available the following inequality also holds:

FRF (@), < EBI FRF, (@), (35)
This means that we now have an expression for a safe approxi-
mation of the total envelope FRF using safe approximations on all
single mode envelope FRFs. The following section describes how
these safe approximations of all single mode envelope FRFs are
calculated. For the sake of clarity, the index « is omitted in the
remainder of the paper, assuming that everything accounts for the
interval analysis on each « sublevel.

C. Safe Single Mode Envelope FRF Approximation
1. Exact Single Mode Envelope FRF

First, the eigenfrequencyrange of a mode is introduced. It is de-
fined as

Q, ={Vi | @B eBEKBG =1MPB)}  (36)
This is the generalized solution set of the eigenvalue analysis. This

generalized solution set can only be derived through optimization
as discussed in Sec. IL.D.1:

ﬁﬁ = max\/k_i 37N
Bep

Qiﬁ = ;I’ngl\/)n_i (38)
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The exact single mode envelope FRF is defined as

FRE, (@), = {1/(ki(p) - o™i (p)) |
x (3B € B)K (B)p = LM (B)d)) } (39)

This expression basically is the inversion of the set of possible val-
ues of the denominator. This denominator set is different for each
considered frequency because it is a function of w. To calculate the
set resulting from the inversion, the extended Kahan arithmetic'® is
applied. This is an extension to the definition of a classical interval
division for division by a zero-containinginterval. It states that the
set resulting from the inversion of an intervala = [a, a] equals

(1/a,1/a] if 0¢[a,al (40)

[—oo, 1/a]lU[1/a, +o0] if 0 € la,a] 41
For a single mode FRF the denominator interval includes zero for
frequencies that are within the eigenfrequency range (36) of the
mode because, by definition, A; =k; /m;. This means that the calcu-
lation of Eq. (39) has to distinguishbetween frequencies within the
eigenfrequency range and those outside the eigenfrequency range.
The following procedure is introduced:

1) Calculate
FRij(w)iﬁ =1 r;lea;;((ki - wzrhi) (42)
FRF; (0);5 = 1 / rﬁpig(/}i — w*i;) (43)
€

2) Calculate the eigenfrequencyrange Q; , for the current mode

3) Define the single mode envelope FRF using
FRij (w)iﬁ = [FRF]k (a))iﬂ, FRij (a))iﬁ | for w ¢ Ql‘ﬁ

(44)

= [ o0, PRI (@)5] U [FRE4 (@), +00]

for w e Qi (45)

Figure 3 indicates the difference between the resulting sets for fre-
quencies inside the eigenfrequency range (w;,) and those outside
the eigenfrequency range (woy ). It also indicates that the preceding
procedure applies for both negative and positive modes.

2. Single Mode Envelope FRF Approximation
The preceding section illustrates how the exact boundarieson the
single mode envelope FRF can be computed. The core of this pro-

Positive mode

Negative mode

Fig. 3 Single mode envelope FRF: ——, FRFj(w);z and ---,
FRij(w),-B

cedure is the optimization of the denominator of the single mode
frequency response functionin Eqs. (42) and (43). An exactsolution
would require an indefinite number of optimizationsbecause a con-
tinuousfrequencydomainisconsidered. From Eq. (35) we know that
the addition of safe approximations of each single mode envelope
FRF resultsin a safe approximationof the total envelope FRF. There-
fore, safe approximations of the optimizationin Eqgs. (42) and (43)
will suffice. This is equivalent to computing safe approximations
T and F for the goal function F(w) = [/Aci (B) — w?m; (B)] satisfy-
ing

F@) = Fw) = max [k () — it (p)] (46)
L(@) = E@) = min [k(#) — oty ()] (47)

for w € [0, 00]. The safe approximations on this goal function are
then inverted in order to obtain safe approximations on the single
mode envelope FRF, expressed as

FRF (o), = 1/F() (48)
=ﬁ

FRE, (@) = 1/F (@) (49)

The eigenfrequency range corresponding to the approximate opti-
mization of the goal function F yields [€2; , ﬁ.ﬁ] with
=B

&ﬂ =lo"| L(@") = 0] (50

Qi = [0 | F(0") = 0] (51)
for positive modes and

& = Fw) =0l (52)

Q0 = [0 | E@") = 0] (53)

for negative modes. The lower and upper bound on the eigenfre-
quency are associated to, respectively, FRF ;. (w); and FRF ; (w);
for positive modes and vice versa for negative modes, as can
be seen from Fig. 3. Therefore, the approximate eigenfrequency
rangedistinguishesbetween positive and negative modes. It can eas-
ily be shown that this eigenfrequencyrange is an outer approxima-
tion of the exact generalizedsolution set of Eq. (36). Corresponding
to Egs. (44) and (45), the approximate single mode envelope FRF
now equals

FRij (w); = [FRij ()i FRij (w)iﬁ:l
B B

for o ¢ | ,Q=,ﬂ:| (54)
—p

= [ oo FRE@ | U [REL @) +o0]

for w € [& ,Q=,ﬂ:| (55)
—p

The remainder of this section focuses on how to compute the safe
approximate optimizations 7 () and F(w) of the goal function F.
The most straightforward approximate solution strategy is to per-
form the optimization in Egs. (46) and (47) for a limited number
of discrete frequencies, and construct F (o) and F(w) interpolating
through the results of these discrete optimizations. To ensure that
thisinterpolationresultsin a safe approximationfor all intermediate
frequencies, the following theorem is applied.

Theorem 2. With the preceding notations, given the exact opti-
mized values of the goal function F (w) for two distinct values of w:

max F(w,) = ?,,
Bep

min F(w,) = E,
Bep

ma;(f(w,+1)=.7-',+1, mig]—'(a)wl):zﬁl
€ €
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with w, < w, 4 1, it can be shown that, for all w* € [w,, @, 1 1],

(01— o) F + (0 = ) F oo

Fo*) < > >
wH—l - W,
(a)2 —a)*z)]: +(a)*2—a)2).7:
-,F( *)> t+1 — L)+ 1
=@ = 0, | — w?
t+1 L

Proof. Only the first inequality is proven here. The proof of the
secondinequality follows the same procedure.If this theorem would
be false, dw* € [w,, 1+ 1]

2 _ =2\ %2 _ 2\
?(w*) . (a)l+1 w ).7:, + (a) wl)}",H )

2 )2
wH—l w;

Stating that Fw®) is achieved for 8 = 8* and using the definition
of F(w), this is equivalentto 3k} =k, (B*), m; =m,;(B*):

. (@2, — 0?)F, + (0 — 0?)Foi1
i $2 A% 141 L
-t ml > ——
wH—l w;

Because ?, and ?, 41 are optimal,

kr — opi; <,

i

and therefore 3k = k; (8*), i = i, (B*):

> ki — a)*zml’.‘
The preceding assumption () must thus be invalid, and therefore
the first inequality of this theorem is proven ad absurdum. O
This theorem shows that we can compose a safe approximation
of the optimized goal function for all frequenciesbased on a limited
number of exact optimizations spread over the frequency domain
using a quadratic interpolation scheme.

3. Graphical Interpretation

A graphicalrepresentationof the single mode goal function clar-
ifies why the quadratic interpolation procedure proposedin the pre-
ceding theorem ensures guaranteed upper and lower bounds on the
exactinterval. Consider a two-dimensional workspacein k; and 7.
In this workspace, for one given value of w, the goal function is
represented by a straight line, expressed as

ki — w¥i, = 7 (56)

All k;, i, pairs on this line represent structures with equal values
JF* for the goal function. This value is graphically equivalent with
the intersection point of the line represented by Eq. (56) and the
k; axis, as indicated in Fig. 4.

The k;, m; combinationsresulting from all possiblecombinations
of input uncertainties 8 mark off a domain in the k;, 7i1; workspace:

(ki 1) = {(ki (B), i (B) | (B € B)) (57

k;

ki — wzfni = f*
Fig. 4 Graphical interpretation of the

oal function.
g _7:* w2

Optimizing the goal function for one specific value of  is graphi-
cally equivalent to constructing both lines with a slope ®” tangent
to (k;, m;) 5 (one for the maximization, one for the minimization).
The optimization for v =0— 00 is equivalent to circumscribing
(k;, m;)p by straightlines tangent to this domain with slopesranging
from O to 90 deg. Using this concept, the optimization is straight-
forward if an exact analytical description of the border of (k;, 1i1;) 5
is available. Because this is generally not the case, an approximate
procedurebased on a polygonalcircumscriptionof (k;, 771; ) 4 is intro-
duced. The polygon consists of a limited number 2v of lines tangent
to (k;, ;) 5. Because each border line of the polygon is tangent to
(k;, 1;) g, the goal functions represented by these lines are optimal
at their corresponding frequencies w,, t =1, ..., v. Therefore, the
borderlines are expressed as

(58)

ki — w m;

-
|

—_

<

2
L

ki—w , t=1---v (59)

m;

& =l

2
L

These lines represent the result of steps 1 and 2 in the interpolation
procedure.Now considera frequencyw* € [w,, o, ]. Theresultsof
the exact optimization would be representedby lines with slope *?
tangentto (k;, 111;). An approximationof the optimal goal function
is calculated by constructinglines with this slope through the inter-
section point of the lines representing the optimized goal functions
F(w,) and F(w,41). Because (k;, ;)p is completely contained
within the polygonal circumscription, this approximation is on the
safe side of the exact (unknown) optimized goal function. This is il-
lustratedin Fig. 5. In thisfigure 7 (»*) is unknownbut safely overes-
timated by F(w*), resulting from constructing a line with slope w*?
through the intermediate corner point of the circumscribing poly-
gon. The intermediate corner points are referred to as interpolation
points and are symbolized by a triangle in each figure. Repeating
this procedure for all intermediate frequencies results in an approx-
imation of the optimized goal function using all corner points of
the circumscribing polygon. This is mathematically equivalent to
the quadratic interpolation in step 3 of the interpolation procedure.
Figure 6 clarifies the graphical interpretation of the interpolation
procedure for v =4 with w; =0 and w, = 00.

4. Proposed Approximate Optimization Strategies

This paper illustrates the single mode approximate optimization
procedure using a strategy based on only two discrete optimiza-
tions: the corner method. Later, it is shown how the results of
the exact eigenfrequency range calculation through optimization
in Egs. (37) and (38) add delimiters to (k;, 17;) . This results in the
corner-eigenvaluemethod. The optimized vertex method, which is

?H»l A = mi

N . _
ki — wiy = Fipy

Fig.5 Safe approximationsusing the circaumscribing polygon.

Fig. 6 Approximate circumscribing polygon.
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a) Corner method

m;
b) Corner-eigenvalue method

Fig.7 Graphical interpretation of the proposed approximationstrate-
gies.

a safe extension of the classical vertex method, is considered as the
reference for the comparison of the proposed methods.

_The corner method creates a rectangular circumscription of
(k;, m;) s using the optimizationof F (0) and F (c0). From the defini-
tion of F(w), itis clear that this procedureinvolves the independent
optimization of the normalized modal parameters

F(0) = mink; (60)
Bep

?(0) = max lAci 61)
Bep

JF(00) <> max m; (62)
Bep

F(c0) <> min; (63)
Bep

Figure 7a displays the resulting rectangularregion. The upper-left-
hand and lower-right-handcorners of this rectangle are the interpo-
lation points.

The corner-eigenvaluemethod adds the results of the eigenvalue
optimization as defined in Eqs. (37) gnd (38) to the rectangulararea
of the corner method. Because A; =k; /m;, the lines expressed as

ki

3>

At (64)

bantd

P = A (65)
representlines with maximal and minimal slope through the origin
of the k;, m; Aworkspace. These are new delimiters to the circum-
scription of (k;, 1i1;)4 as indicated in Fig. 7b.

The optimized vertex method is a safe extension of the clas-
sical vertex method. The classical vertex method as described in
Sec. IL.LE.2 produces a cloud of (k;, 711;) combinations using only
the boundary values of each input interval. Because this method
does not necessarily include global extremities, it does not ensure a
circumscriptionof (k;, riz;) 5. To address this problem, discrete opti-
mizations are performed for the frequenciesrepresentedby the slope
of each borderline of the area resulting from the vertex method. This
method is safe, but requires an unknown number of optimizations.

D. Summation of the Single Mode Envelope FRF Approximations

The final step for the computation of the approximate total enve-
lope FRF is executing the summation over all modes as indicatedin
Eq. (35):

FRE () = P rRE,; @ (66)

i=1

Because the approximate single mode envelope FRF differs for fre-
quencies within and outside the eigenfrequencyrange of each mode,
the summation distinguishes between three subcases:

1) For frequencies outside every eigenfrequencyrange, all terms
in the summation are of the form of Eq. (54), and therefore

@FRF]']( (a))l = [ ZFRF]k (a))l , ZFRF]k (a))iﬂ:| (67)

i=1 i=1 i=1

2) For frequencies inside exactly one eigenfrequencyrange, one
term in the summation is of the form of Eq. (55), and therefore

@ FRF Jjk (w);
p—}

i=1
= |:—oo, ZFRij(a))iﬁ:| U [Z FRF ; (); ,+oo:|
=ﬁ

i=1 i=1

(68)

3) For frequencies inside two eigenfrequency ranges, two terms
in the summation are of the form of Eq. (55), and therefore

PRF (@) = [-00, +o0] (69)
=ﬁ

i=1

E. Algorithm

The algorithm for the calculation of a safe approximation for an
envelope FRF is as follows.

1) For all modes do the following:

a) Define a grid in the frequency domain consisting of v frequen-
cies: [wy, ..., w,].

_ b) Perform the exact optimization of the goal function F =
k; — w*m; for these frequencies.

—c) Compose an approximation for the optimized goal function
F(w) and F(w) for all intermediate frequenciesw € [w;, w,] using
the quadratic interpolation scheme of theorem 2.

d) Calculate the safe boundarieson the single mode envelope FRF
inverting ?(w) and F(w).

e) Calculate safe approximations on the eigenfrequency bounds
corresponding to F(w) and F(w) using Egs. (50-53).

f) Calculate the safe approximation of the single mode envelope
FRF using Eqs. (54) and (55).

2) Sum all single mode envelope FRF approximations using
Egs. (67-69).

The number of frequencies chosen in step la is proportional to
the amount of work in step 1b, but inversely proportional to the size
of the overestimationof each single mode envelope FRF. Therefore
the choice of the frequency grid is a tradeoff between accuracy of
the approximation and computational effort. Theorem 2 proves that
step 1c in this procedure will result in guaranteed upper and lower
bounds on the optimized goal function for all frequencies. Step le
applied to the result of the corner-eigenvalue method results in
the exact eigenfrequency bounds because the approximate opti-
mized goal functions?(w) and F(w) equal zero for the exactbounds
of the eigenvalues as can be seen from Fig. 7b.

IV. Numerical Example

The FFE method for FRF calculationsis illustrated on the calcu-
lation of the FRF between masses 3 and 4 of the numerical example
introduced in Sec. I1.D.2. First, the different single mode envelope
FRF approximationtechniquesare illustrated for the sublevelo =0.
The resulting total envelope FRFs are compared at the same sub-
level. To validate the interval analysis, the resulting boundaries are
compared to the results of a Monte Carlo simulation assuming a
uniform distribution over the interval. This Monte Carlo simulation
does not represent the probabilistic analysis of the uncertain model,
which in this case cannot be done because there is no information
on the probability distributions of the uncertainties. It is only used
to indicate the physical output domain of the interval analysis at the
specific a-level, which enables the verification of the conservative
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Fig. 8 Comparison of (1, iny) g for the three proposed methods: A,
corner point of polygon used for quadratic interpolation; e, (kq, 1)
combinations from vertex method; and +, (k;, 7n;) combinations from
Monte Carlo simulation.

approximation. Finally, the fuzzy FRF is calculated by combining
11 o sublevels.

A. Single Mode Envelope FRF Approximationat oo =0

Figure 8 compares the polygon for the three methods proposedin
Sec. III.C.4 for the first mode of this model. They are plotted upon
the ky, m; pairs resulting from the vertex method (dots) and those
resulting from 320 Monte Carlo samples using a uniform probabil-
ity distributionovereach interval at @« = 0 (crosses). The subsequent
corner points of the polygon used for the quadraticinterpolationare
indicated with triangles. This figure indicates that for this mode the
rectangular area of the corner method is a good approximation of
(ky, my)g because the k1, /1, -pairs resulting from the vertex method
describe a quasi rectangulararea. Adding the eigenvalue delimiters

x 10 )
-0.5F AT
1t
-1.5¢
k4 :
o o
2 Wt
S . .'0'
_3 L X
—3.5} ; i (IR SHE :
-400 -300 -200 -100 0

Corner method

-400 -300 -200 ~100 0
Ty

Corner-eigenvalue method

x 10°

_3 5 . : BTN ; : e
-400 -300 -200 -100 0
ﬁL4

Optimized vertex method

Fig. 9 Comparison of {kg, ins) 5 for the three proposed methods: A,
corner point of polygon used for quadratic interpolation; e, kg, ing)
combinations from vertex method; and +, (k4, in4) combinations from
Monte Carlo simulation.

or applying the optimized vertex method does not substantially de-
crease the size of the overestimationof (ky, ;).

Figure 9 compares the polygon for the three methods proposed
in Sec. II1.C .4 for the fourth mode of this model. Again, they are
plottedupon the k4, 1114 pairs resulting from the vertex method (dots)
and those resulting from 320 Monte Carlo samples using a uniform
probability distributionover each interval (crosses). The subsequent
corner points of the polygon used for the quadraticinterpolationare
indicated with triangles. This figure indicates that the (k4, 1714) 5 cir-
cumscription of the corner method substantially overestimates the
exact domain. Adding the results of the eigenvalue optimization re-
sultsin amuch closer circumscription. The optimized vertex method
results in the closest circumscription.
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Fig. 10 Comparison of the resulting envelope FRF34 for the corner
method, the corner-eigenvalue method, and the optimized vertex method
with 320 Monte Carlo samples.

B. Total Envelope FRF at a =0

Figure 10 compares the resulting total FRFs for the three ap-
proximate optimization methods. The response ranges to infinity
because an undamped structure is considered. Therefore, the loga-
rithmic range has been cut off at 1078 and 10'. It is clear that the
resulting envelope FRF of the corner method is only useful up to
the first eigenfrequency. This is because of the fact that the corner
method produced a good approi(imation of (ki, 1m1), but failed to
give a close approximation of (k;, 111;) 4 for the higher modes. The
large overestimation for these modes is translated into an envelope
FRF ranging from zero to infinity for the main part of the frequency
region. Adding the eigenvalueoptimizationresults makes the result-
ing envelope FRF much more useful comparedto the cornermethod.
The results of the optimized vertex method differ only slightly from
those of the corner eigenvalue method. The total envelope FRFs re-
sulting from 320 samples of a Monte Carlo simulation are plotted
on top of the envelope FRF approximations.It is clear that, for this
case, the bounds on the response are safe and the margin on the
response between physical samples and predicted boundsis small.

C. Total Fuzzy FRF

Figure 11 gives a graphical interpretation of the fuzzy FRF be-
tween mass 3 and 4 resulting from the different approximate opti-
mization strategies, combining 11 o sublevels.

V. Extension to Large-Scale FE Analysis

The preceding section indicates that the application of the pro-
posed algorithm to an academic example results in a conservative
approximation of the total envelope FRF. The applicability of the
proposed method to more complex analyses depends on the per-
formance of the algorithm of Sec. IIL.E for large-scale FE models.
The algorithmbasicallyis a sequence of analytical operations using
the optimized goal function F(w) at the predefined frequency grid
andin case of the corner-eigenvaluemethod the optimized eigenfre-
quencies. The performance of the algorithm depends mainly on the
procedures to obtain these optimized values. Generally, the perfor-
mance of an optimizationprocedureis influenced by two aspects: the
evaluation time of the goal function (and if availableits derivatives)
and the convergencerate of the used optimization strategy.

In this case an eigenvalue analysis is necessary for each goal
function evaluation. Therefore, the relative effect of the model size
on the total computation time is equal to its relative effect on the
eigenvalue analysis. However, the modal superposition principle
enables us to reduce this effect. It is common practice to truncate
the superposition to a limited number of modes, situated in the
frequency domain of interest. This truncation will reduce the effect
of the model size on the goal function evaluation because only a
limited number of eigenvalues and corresponding eigenmodes are
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2 3 4 5
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Fig. 11 Comparison of the fuzzy FRF34 for the three proposed
methods.

necessary. This would not have been possible if a direct solution
strategy were chosen for the FRF calculation.

The convergence rate of large-scale optimization strategies
mainly depends on the number of design variables, which affects
the computation time exponentially. Therefore, we conclude that
the number of design variables rather than the model size forms
the most stringent limitation for the application of the algorithm to
large-scale FE analysis.

VI. Conclusions

It has been shown that the classical FFE method inherently over-
estimates the uncertainty on the result of the FFE analysis. The
generalized FFE approachtheoretically describes the exact range of
the uncertainty on the result of a FE analysis. Therefore, the gener-
alized approachis preferred over the classical approach becauseits
theoretical backgroundis closer to reality. However, computationof
the exact result of the generalized FFE analysisis hard because only
optimization strategies are applicable. As an alternative, the uncer-
tainty of a generalized FFE analysis can be safely approximated
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using specific algorithms, as illustrated for the FRF calculation.
The approximate optimization strategies described for this purpose
are clearly a tradeoff between computational effort and accuracy
of the result. The corner method needs four optimizations for each
mode but fails to give a sufficiently narrow circumscription of the
uncertainty on the total FRF. The results of the corner-eigenvalue
method, which needs two extra optimizationson the eigenvalues for
each mode, are much better and approach the results of the far more
intensive optimized vertex method. Based on these conclusions, the
corner-eigenvaluemethod is selected for further investigation.
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